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Abstract. The introduction of a space-time lattice as a regulator of field theories breaks
symmetries associated with continuous space-time, i.e. Poincaré invariance and super-
symmetry. A non-zero gluino mass in the supersymmetric Yang-Mills theory causes an
additional soft breaking of supersymmetry. We employ the lattice form of SUSY Ward
identities, imposing that their continuum form would be recovered when removing the
lattice regulator, to obtain the critical hopping parameter where broken symmetries can
be recovered.
1 Introduction
Supersymmetry (SUSY) is an extended symmetry between fermions and bosons which is expected
to emerge at very high energies. Among all possible motivations for such a prediction, the fact that
fermions and bosons are naturally paired in supersymmetric theories provides an elegant solution to
the problem of the cosmological constant without the need of fine-tuning. The relevance of SUSY
is not limited to search of new physics beyond the Standard Model, but it is also connected to the
understanding of the non-perturbative properties of quantum field theories.
Our project is focused on numerical simulations of N = 1 supersymmetric Yang-Mills theory
regularized on the lattice. The model describes the strong interactions between gluons and gluinos,
two quantum fields related to each other by a SUSY transformation. In our simulations, we employ
the plaquette gauge action and clover improved Wilson fermions. In this contribution we analyze the
ensembles generated with the gauge group SU(3), while previous investigations have been done with
the gauge group SU(2), see for instance Ref. [1].
On the lattice, Lorentz invariance is explicitly broken, and therefore supersymmetry can be re-
covered only in the continuum limit. In addition, Wilson fermions solve the doubling problem by
breaking chiral symmetry explicitly. While sixteen fermion species would definitively break the pair-
ing between bosons and fermions required by SUSY, on the other hand the absence of chiral symmetry
implies that the fermion mass renormalizes additively. In other words, zero bare fermion mass does
not correspond to zero renormalized fermion mass. The fine-tuning of the gluino mass requires special
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care, since a non-vanishing gluino mass is also a source of soft supersymmetry breaking. As proven in
Ref. [2], in the continuum limit both the supersymmetric and the chiral Ward identities are consistent,
and all the continuum symmetries of N = 1 SYM are recovered simultaneously. In this contribution
we present a study of the SUSY Ward identities on the lattice, and we show that our results support
the existence of a unique massless critical point up to lattice discretization errors.
2 N = 1 supersymmetric Yang-Mills theory
The Lagrangian of N = 1 supersymmetric Yang-Mills theory (SYM) in the continuum is given by
L = −1
4
FaµνF
a
µν +
i
2
λ¯aγµ(Dµλ)a − mg2 λ¯
aλa, (1)
where
Faµν = ∂µA
a
ν − ∂νAaµ − i g0 f abc[Abµ, Acν], (2)
is the field strength tensor built from the gauge field Aµ(x), which represents the “gluon”. The gluino
field λ(x), the fermion superpartner of the gluon, is minimally coupled to the gauge field. The gluino
satisfies the Majorana condition
λ(x) = λT (x) C , (3)
where C is the charge conjugation matrix, and transforms under the adjoint representation of the gauge
group. The covariant derivative thus reads
(Dµλ)a = ∂µλa + g0 f abcAbµλc . (4)
A non-zero mass of the gluino in supersymmetric Yang-Mills theory causes a soft breaking of super-
symmetry. For vanishing gluino mass it is expected that supersymmetry is unbroken in the contin-
uum [3].
2.1 SUSY Yang-Mills theory on the lattice
The introduction of a space-time lattice regulator necessarily breaks supersymmetry [4]. Models that
preserve part of an extended superalgebra are discussed in Ref. [5]. In our simulations, we use the
“Curci-Veneziano” lattice action [2]
S = S g + S f , (5)
where the gauge part (S g) of the full action is given by the standard Wilson action:
S g =
β
2
∑
x
∑
µ,ν
(
1 − 1
Nc
Re tr Uµν(x)
)
. (6)
Here β ≡ 2Nc/g2 is the bare lattice gauge coupling for the SU(Nc) gauge field and Uµν(x) is the
standard plaquette variable. The fermion part of the action in equation (5) is
S f ≡ 12
∑
x
{
λ
a
(x)λa(x) − κ∑4µ=1 [λa(x + µˆ)Vabµ (x)(1 + γµ)λb(x) + λa(x)VabTµ (x)(1 − γµ)λb(x + µˆ)]
+ i4g0κcS Wλ
a
(x)σµνP
(cl)
µν;ab(x)λ
b(x)
}
.
(7)
Here κ is called the hopping parameter, which is related to the bare gluino mass by κ = 1/(2mg + 8),
γµ denotes a Dirac matrix, and σµν = − 12 [γµ, γν]. The links Vabµ (x) are the gauge field variables in the
adjoint representation, obtained from links Uµ(x) in the fundamental representation by
Vabµ (x) ≡ 2 tr
(
U†µ(x)T
aUµ(x)T b
)
, (8)
where T a are the group generators of SU(Nc). Finally, the last term in the fermion action contains the
clover-symmetrized lattice field strength tensor:
P(cl)µν (x) =
1
4a
4∑
i=1
1
2ig0a
(
U(i)µν(x) − U(i)†µν (x)
)
. (9)
The coefficient cS W is tuned up to one-loop order in perturbation theory to improve the convergence
of on-shell observables to the continuum limit [6].
3 Supersymmetric Ward identities
In the continuum, Ward identities are of the form
〈(
∂µ jµ(x)
)
Q(y)
〉
= −
〈
δQ(y)
δε¯(x)
〉
. (10)
Here jµ(x) is the Noether current, Q(y) is an insertion operator and ε¯(x) is a parameter of infinitesimal
symmetry or supersymmetry transformations. The right hand side of equation (10) is a contact term,
which is zero if Q(y) is localized at space-time points different from x.
SUSY transformations on the lattice complying with parity (P), charge conjugation (C), time-
reversal (T ) and gauge invariance can be defined by [7]:
δUµ(x) = − ig0a2
(
¯(x)γµUµ(x)λ(x) + ¯(x + µˆ)γµλ(x + µˆ)Uµ(x)
)
,
δU†µ(x) = +
ig0a
2
(
¯(x)γµλ(x)U†µ(x) + ¯(x + µˆ)γµU
†
µ(x)λ(x + µˆ)
)
,
δλ(x) = +
1
2
P(cl)µν (x)σµν(x),
δλ¯(x) = −1
2
¯(x)σµνP(cl)µν (x). (11)
For any gauge invariant operator Q(y) the above transformation results in the following Ward identities∑
µ
〈(∇µS (sp)µ (x))Q(y)〉 = m0〈χ(x)Q(y)〉 + 〈Xps(x)Q(y)〉 − 〈δQ(y)
δ¯(x)
〉
, (12)
where
S (sp)µ (x) = −12
∑
ρσ
σρσγµTr
{
P(cl)ρσ (x)U
†
µ(x)λ(x + µˆ)Uµ(x) + P
(cl)
ρσ (x + µ)Uµ(x)λ(x)U
†
µ(x)
}
, (13)
χ(x) =
∑
ρσ
σρσTr
{
P(cl)ρσ (x)λ(x)
}
. (14)
S (sp)µ (x) is the supercurrent. In equation (12) terms containing χ(x) and X(ps)(x) break SUSY. The
first term χ(x) arises due to a non-zero bare gluino mass in the Lagrangian, and the term X(ps)(x) is
introduced by the lattice regularization. At tree level X(ps)(x) is proportional to the lattice spacing a
and will vanish in the continuum limit. However, at higher orders X(ps)(x) has a finite contribution
and restoration of supersymmetry is highly non-trivial. The renormalization of the supercurrent and
of the gluino mass is therefore required. After renormalization the Ward identities get the following
form:
ZS
〈(∇µS µ(x))Q(y)〉 + ZT 〈(∇µTµ(x))Q(y)〉 = mS 〈χ(x)Q(y)〉 + O(a), (15)
where mS = m0 − a−1Zχ is the subtracted mass, ZS , ZT and Zχ are renormalization coefficients,
and Tµ(x) is a mixing current. Numerically it is convenient to use integrated Ward identities, where
integration or summation is performed over three spatial coordinates. As a result of this integration,
the Ward identity will hold on every time slice. Each term in the equation (15) is a 4 × 4 matrix in
Dirac space and can be expanded in the basis of 16 Dirac matrices. Using discrete symmetries one
can show that the surviving contributions form a set of two non-trivial independent equations [7]:
x1,t + (ZT Z−1S )y1,t = (amS Z
−1
S )z1,t,
x2,t + (ZT Z−1S )y2,t = (amS Z
−1
S )z2,t. (16)
=⇒ xb,t + Ayb,t = Bzb,t, b = 1, 2 (17)
where
x1,t ≡
∑
~x
〈∇4S 4(x)O(y)〉, x2,t ≡∑
~x
〈∇4S 4(x)γ4O(y)〉,
y1,t ≡
∑
~x
〈∇4T4(x)O(y)〉, y2,t ≡∑
~x
〈∇4T4(x)γ4O(y)〉,
z1,t ≡
∑
~x
〈∇4χ(x)O(y)〉, z2,t ≡∑
~x
〈∇4χ(x)γ4O(y)〉. (18)
These six different correlators are calculated numerically in Monte Carlo simulations on Supercom-
puters, see [8]. Figure 1 shows these correlators for one of our parameter sets.
3.1 Global method
To obtain estimates for A = ZT Z−1S and B = amS Z
−1
S from equation (17), we minimize the quantity
2∑
b=1
tmax∑
t=tmin
(xb,t + Ayb,t − Bzb,t)2
σ2b,t
. (19)
with respect to A and B, whereσ2b,t is the sum of variances of these six correlators and can be calculated
by using the Jackknife procedure.
Figure 2 shows the results for B = amS Z−1S from the Global method varying tmin. One can notice
that the points which correspond to tmin = 0, 1 are off, which is due to contact terms. We take this into
account by considering only data at t > 3. We developed two independent analysis codes in C/C++
and Octave, in order to be sure that the final results are correct. We choose to take data of gluino
masses at tmin = 3 and repeat the procedure for the full range of κ, i. e. 0.1637, 0.1649, 0.1667, 0.1673
and 0.1678, to get the extrapolation to κc (figure 3).
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Figure 1. Numerical results for correlation functions at each time slice for gauge group SU(3), lattice volume,
V = 163 · 32, β = 5.5 and κ = 0.1673.
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Figure 2. Gluino masses at each tmin from the
Global method.
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Figure 3. Extrapolation to the chiral limit using
gluino masses from the Global method.
3.2 Generalized least squares method
The Global method, which has been discussed in the previous subsection, aims to find solutions
for A and B numerically such that with the measured values xb,t, yb,t, zb,t the equations are satisfied
approximately in an optimal way. This method, however, does not take into account the statistical
correlations among the six operators at different time slices. We developed a method to improve on
this point, so that more reliable results and error estimates can be obtained.
Let’s consider the equation (17) again which can also be written as∑
α
Aαxiα = 0, (20)
where Aα for α = 1, 2, 3, are 1, A,−B, whereas xiα are xb,t, yb,t, zb,t, with i = (b, t). Employing the
method of maximum likelihood [9] we obtain the expression
L =
1
2
∑
i,α, j,β
(Aα x¯iα)(D−1)i j(Aβ x¯ jβ). (21)
to be minimized, where
Di j =
∑
α,β
AαAβ(xiαx jβ − x¯iα x¯ jβ). (22)
We have to find Aα numerically such that L assumes its minimum. The details of the method will be
explained in a follow-up paper.
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Figure 4. Numerical determination of the mini-
mum of L in the AB plane.
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Figure 5. Extrapolation to the chiral limit using
gluino masses from the Generalized least squares
method.
Figure 4 represents the global minimum of L for a numerical range of A and B. This minimum
corresponds to the sought-after values of A and B. We re-sample the data and use the jackknife method
to get the statistical errors. The value of B, i. e. the gluino mass (amS Z−1S ), is more or less the same
as we already have obtained from the Global method, but this time we have a precise and reliable
estimate on errors. The method is repeated for the whole range of κ, and we again obtain the critical
point κc (figure 5).
3.3 Adjoint pion mass
The mass of the adjoint pion (ma–pi) is an another way to define the critical point, which can be
measured from the exponential decay of the connected part of the a–η′ correlator. The a–pi is an
unphysical particle in supersymmetric Yang-Mills theory. However, by arguments based on the OZI-
approximation [10], and in the framework of partially quenched chiral perturbation theory [11], the
squared mass m2a–pi is expected to vanish linearly with the gluino mass close to the chiral limit. The
value of κc based on ma–pi can easily be obtained in the simulations. The mass ma–pi is usually used to
tune κc, given its precision and its cheap computational cost.
In figure 6 we show a comparison between κc obtained independently from the SUSY Ward iden-
tities and from ma–pi. The values of κc obtained from the Ward identities and from ma–pi are very close
to each other, but there is a small difference. The reason for this discrepancy are presumably lattice
artifacts, and we expect this discrepancy to disappear in the continuum limit.
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Figure 6. Extrapolation towards the chiral limit (κc) by ma–pi and by SUSY Ward identities, using both the Global
and Generalized least squares methods.
4 Summary and conclusions
The quantities A = ZT Z−1S and B = amS Z
−1
S (renormalized gluino mass) have been computed nu-
merically on the lattice in N = 1 SU(3) SYM from on-shell supersymmetric Ward identities. The
non-perturbative determination of amS Z−1S can be used to obtain the chiral point (κc) from the Global
and the Generalized least squares methods, which are completely in agreement. In comparison to the
values of gluino masses for gauge group SU(2) presented in [1], we get more precise results corre-
sponding to each value of κ. The value of the chiral point from Ward identities is compared to the
value obtained independently from the adjoint pion mass. Both values are compatible up to lattice
artifacts. The results are consistent with the restoration of supersymmetry in the continuum limit.
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